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Abstract

In this work, we investigate the asymptotic behavior of solutions to a nonlinear model de-
scribing binary mixtures of solids. We establish the exponential decay of the energy in both the
autonomous case (in the absence of external forces) and the non-autonomous case (under the in-
fluence of time-dependent external forces). For the autonomous system, we further analyze the
observability properties of the associated dynamical system by providing a sufficient upper bound
on the completeness defect that ensures a given set of bounded linear functionals constitutes a
determining set. Numerical experiments are performed using the finite element method and New-
mark’s algorithm to illustrate the conservative and dissipative behaviors of the proposed nonlinear
coupled model. The results confirm the accuracy of the scheme and the exponential decay of the
energy in dissipative cases.

Keywords: Non-Autonomous binary mixture, well-posedness, decay energy, determining functionals,
finite element method, Newmark algorithm.
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1 Introduction

The idea of modeling a material as a homogeneous continuum has proven to be extremely effective in
various areas of mechanics, such as hydrodynamics, aerodynamics, rigid body dynamics, and plasticity,
maintaining its relevance to the present day [18, 32, 35].

However, in many contexts, the interest lies precisely in the behavior of the material at the scale
of its inhomogeneities and in the states of its individual constituents. To address this challenge,
researchers in mechanics developed two innovative and fruitful concepts: the continuum theory of
mixtures and the theory of materials with microstructure. The modern formulation of continuum
theory for mixtures began with the seminal works presented in [8, 13, 19, 20, 23, 24, 28, 35|, and
comprehensive expositions of this theory can be found, for example, in [4, 6, 7, 31].

In the continuum theory of mixtures, the fundamental concept is to consider that the constituents
of a mixture can be represented by superposed continua, so that each point of the mixture is simulta-
neously occupied by a material point of each constituent [6].

Let us consider a mixture composed of two elastic materials, © = s; and w = s, with initial
(reference) configuration in the interval [0,1]. We denote by p; the density, by T; the partial stress,
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by F; the external force, and by P; the internal force associated with the material s;. Assuming that
u=u(z,t) and w = w(z,t) represent the transverse displacements of the particle x in materials u and
w, respectively, at time ¢, we obtain the following equations (see [22, 7, 26, 35])

prug = T — P+ Fi, (1.1)
powy = Tog + P+ Fo. (1.2)

We assume that the partial stresses are given by

T = aiug + aowy, (1.3)

T, = asug + azwy,

= [al az}
az ag
is a symmetric (real) positive definite matrix. We also assume that the internal and external forces
take the form

where

P = fi(u,w) + gi(w), Po=—folu,w)—ga(ws), Fr=hi, Fy=ho. (1.5)
Substituting (1.3)—(1.4) and (1.5) into (1.1)—(1.2), we obtain the system

PLU — Q1 Ugg — A2Weg + g1(ue) + fi(u,w) = hy(z,t), in (0,1) x (0,00), (1.6)
P2Wy — AoUzy — A3Wag + g2(wy) + fo(u,w) = ha(z,t), in (0,1) x (0,00), (1.7)

with boundary conditions
u(0,t) = u(1,t) = w(0,t) = w(l,t) =0, Vt>0, (1.8)

and initial conditions

u(z,0) = ug(x), w(z,0)=wui(z), Vzel0,1],

w(e,0) = wo(x), wi(w,0) = wi(x), Ve e (0,1, 1.9)

where ug, u1, wg, and wy are known functions to be specified later. We assume that a; > 0, as € R,
as > 0, and that

ajaz — a3 > 0. (1.10)

The asymptotic behavior of solutions to linear and nonlinear models based on the continuum
theory of mixtures — including gases, fluids, and solids — has been extensively investigated in recent
decades [1, 2, 3, 12, 15, 16, 17, 26, 29, 33]. However, the number of studies involving nonlinear models
is still significantly lower than those dedicated to linear models.

Freitas et al. [15] analyzed the case where P, = Fy = F» = 0 and P, = —uu; — f(u). More
precisely, they studied the system

P22t — Q1 Zgz — G2Ugy = 0, in (0, L) x (0, 00), (1.11)
Pulltt — A3Uzy — Q2225 + pug + f(u) =0, 1in (0,L) x (0, 00), '

with boundary conditions
2(0,t) = zz(L,t) = u(0,t) = uy(L,t) =0, Vt>D0. (1.12)

It was shown that the dynamical system generated by the solutions admits a compact global attractor
with finite fractal dimension.

Santos et al. [33] studied the asymptotic behavior of (1.6)—(1.9) with h; =0 for ¢ = 1,2. It was
shown that if the initial energy is negative, then every weak solution blows up in finite time. Moreover,



using the Nehari manifold approach, the authors proved the existence of a unique global weak solution
when the initial data belong to the ”good part” of the potential well. For these solutions, the total
energy of the system decays either exponentially or algebraically, depending on the behavior of the
dissipation near the origin.

Miranda et al. [27] considered a nonlinear model with a fractional delay term based on the
continuum theory of mixtures, analyzing the qualitative properties of the system

P24t — 01 Zgz — A2Uzg = 0, in (0, l) X (07 OO),

0 0 . (1.13)
Pulltt — A3Ugy — Q2225 + (—O0pz) U + €(— 0 ) u(z,t — 7) + f(u) = h, in (0,1) x (0, 00),

with boundary conditions (1.12). The existence of a family of global attractors indexed by € > 0 was
proved, and it was shown that, in the limit ¢ — 0, these attractors converge to the global attractor of
the limiting system

P22t — Q1 2z — G2y = 0, in (0,1) x (0, 00),

; . (1.14)
Pulitt — A3Ugy — 2%z + (—0z2) us + f(u) = h, in (0,1) x (0, 00).

Our investigations indicate that works considering exponential energy decay in nonlinear models
based on continuum mixture theory are scarce. Moreover, to date, we have not found studies exploring
the use of determining functionals in this context.

The hypothesis that the asymptotic dynamics of dissipative systems governed by partial differential
equations (PDEs) can be described by a finite number of parameters has motivated the development
of several dimensionality reduction approaches. Among them, the concept of determining functionals
stands out, introduced in the works of Fo1as and PRODI [14], and LADYZHENSKAYA [25]. A finite set
of linear and continuous functionals is said to be determining when the convergence of their values
over time implies the convergence of the corresponding trajectories in phase space, thus allowing the
asymptotic behavior of the system to be described from a finite number of scalar observables.

This approach provides a robust alternative to the construction of inertial manifolds, whose ex-
istence often depends on restrictive assumptions. Determining functionals have been successfully
applied to models such as the two-dimensional Navier—Stokes equations, in which several classes of
functionals — such as Fourier modes, nodal values, and local averages — have been shown to capture
the asymptotic dynamics of the system.

In this work, we apply the theory of determining functionals to a nonlinear model of binary
mixture. Our goal is to identify functional subsets that ensure the asymptotic uniqueness of the
system’s trajectories, as well as to provide explicit estimates for the minimal number of observations
required. This analysis contributes to the theoretical understanding of the dynamic behavior of flexible
structures under nonlinear dissipative effects.

The paper is organized as follows: in Section 2, we discuss the functional spaces relevant to
the model, providing definitions and fundamental properties. Section 3 presents the assumptions
concerning the source and damping terms. In Section 4, we introduce the phase space and demonstrate
the well-posedness of the problem, including the existence and uniqueness of solutions, as well as
the definition of the dynamical system (J#,S5(t)). In Section 5, we study the exponential decay
of the energy of solutions in both autonomous and non-autonomous cases. Section 6 is devoted to
the investigation of determining functionals for the system (52, S(t)), establishing the completeness
defect and showing that a finite set of bounded linear functionals can serve as determining functionals.
Finally, in Section 7, we formulate the corresponding variational problem and derive its finite element
semi-discretization in space combined with a finite difference discretization in time. The fully discrete
system is obtained through the well-known Newmark integration scheme, and an iterative algorithm
is implemented to handle the nonlinear terms. Several numerical experiments are then performed to
validate the theoretical results, illustrating the conservative and dissipative behaviors of the system,
as well as the exponential decay rate of the total energy in the presence of damping.



2 Functional Spaces

For 1 < p < 00, we denote by LP(0,1) the Lebesgue space of measurable functions « : [0, 1] — R such
that the p-th power of their modulus is integrable on [0, 1]. The norm in this space is denoted by || - ||,

that is,
1 1/p
upz( / |u|p) . (2.1)

For p = 0o, we have

llu]|oo = Inf{C > 0; |u(x)| < C, a.e. in [0, 1]}. (2.2)
In particular, the inner product and norm in L?(0,1) are denoted by (-,-) and | - ||, respectively. In
this case,
1
(u, v) ::/ wvdr and |ju|? = (u,u), Vu,v € L*(0,1). (2.3)
0
In this paper, we will also use the following Sobolev spaces based on L?(0, 1):
HY0,1) = {ue L*0,1); u, € L*(0,1)}, (2.4)
H?*(0,1) = {ue€ L*0,1); ug,uz € L*(0,1)}, (2.5)

where u, and u,, denote the weak first and second derivatives of u, respectively. Moreover, we also
consider the space

HY0,1) = {ue€ H0,1); u(0) = u(1) = 0}. (2.6)
It follows from Poincaré’s inequality, that is,
[ull < llusll,  Yu € Hg(0,1), (2.7)

that we can use the following norm in H{(0,1):
lull g301) = lluall,  Vu € Hy(0,1). (2.8)
The dual space of H}(0,1) is denoted by H~1(0,1).

3 Assumptions

Concerning the terms f;, g;, and h;, for ¢ = 1,2, we impose the following conditions:

(A1) g; € C*(R), g;(0) = 0, and there exist constants m and M such that

m < gi(s) <M, VseR. (3.1)
From the inequality above and the Mean Value Theorem, it follows that
m|s —r|? < (gi(s) — gi(r))(s —7) < M|s —r|?, Vs,r € R. (3.2)
(A2) There exists F : R? — R, with F' € C%(R?) such that
VF = (f1, f2) (33)
VFE(u,w) - (u,w) = Fu,w) >0, VY(u,w)€ R, (3.4)
and there exist p > 1 and Cy > 0 such that
IV filu,w)] < Cr(1+ ful” + [w]?); (3.5)
It follows from the previous inequality that there exists a positive constant C'r such that
F(u,w) < Cp(1+ |[ulP™ + |w|P™), V(u,w) € R (3.6)

(Ag) h; € L? ([O,OO);LZ(O,l))

loc

(A4) For exponential decay, we further assume that there exist positive constants o and C}, such that

/OOO (11 ()]I” + lh2(s)]*)ds < Ch. (3.7)

4



4 Well-Posedness
We consider the following Hilbert space
H =9 XY, (4.1)
where
¥ = (H3(0,1))® and % = (L*(0,1))% (4.2)

The inner product in 7 is given by

ag a9
Wy, /A + —
i T 1¢z \/EQ/JQU>

(10,0, 2), (606, 2, X)) = P10, 0) + palzs ) + <\/m i

+ (as - Z2> (wz, )

1

(4.3)

and the induced norm

as
Wy

NG

w0201 = prlol? + el + v +
The usual norm in J# is denoted by || - ||+, that is,
[(w, w0, 2)[1F = [[oll* + 1201 + ual® + [Jwe . (4.5)

In ¥ we consider the norm

2 2
a
) = | v, + + (o= 2 P (4.6)

a2
—Ww
1/ a1 *

and the usual norm

1t w)IIF = flua ]l + Jwa > (4.7)
It is easy to prove that || - || and || - ||« are equivalent, that is, there exist positive constants oy and
o1 such that
2 2 2
ool (w, w)lls < [I(w, W)y < ol(w, w)llc V(u,w) € 7, (4.8)

where

a1 [ 2a3 ! a3 a3
op=ming —, | — +1 ag — —= and o1 = max< 2ai,a3+ —= ;.
2 aj ai ai

The previous equivalence implies the equivalence of || - || ,» and || - ||« and hence, there exist positive
constants yg and 7; such that

Yol (u, w, v, 2) 12 < 1w, w, 0, 2) |5 < ll(w,w,0,2)|[7 V(u,w,v,2) €, (4.9)

where
Yo = min{p1, p2, 00} and v =max{p1,p2,01}.

Once the phase space 7 is established, considering
U(t) = (u(t),w(t), us(t),w(t)) and Uy = (ug, wo, u1,ws) (4.10)

we can rewrite (1.6)-(1.9) as the following initial value problem:

{Ut(t)+AU(t)+B(U(t)) =F(t), t>0 (4.11)

U(0) = U,



where A : D(A) C 5 — S is given by

u —v
w —Z
= _ 4.12
A1, P17 (= a1ty — aswyy) (412)
z p2_1( — Ugy — a3w:w;)
with
D(A) == (H3(0,1)n H?(0,1))” x (H{(0,1))?, (4.13)
B: s — A is given by
U 0
0
B|lY _ 4.14
v | | o (9a) + fal ) (1)
z Py (92(2) + fa(u, w)
and F : Rt — 37 is given by
0
F(t) = 0 (4.15)
~ ot ha(ast) '
p2_1h2(x7 t)

Lemma 4.1. The operator A is the infinitesimal generator of a Cy-semigroup of contractions on .52,

denoted by {T(s)}+>0-
Proof. First, note that A is dissipative, since
(AW W) p =0, VYW = (u,w,v,z) € D(A). (4.16)

Moreover, we have R(I — A) = 5, where R(I — A) denotes the range of the operator I — A. Indeed,
given W* = (u*, w*,v*, 2*) € S, we will show that there exists W = (u, w, v, z) € D(A) such that

W — AW = W*. (4.17)
From the previous equality, we obtain
u—v = u¥, (4.18)
w—z = wk (4.19)
PLVU — AUz — Q2Wze = P10~ (4.20)
P22 — AUy — A3Wze = p22°. (4.21)

Substituting (4.18) into (4.20) and (4.19) into (4.21), we obtain

PIU — A Ugy — Q2Wee = p1(0° +u¥), (4.22)
PoW — AoUgy — A3Wey = po(2* +w™). (4.23)

A weak solution of (4.22)-(4.23) is a pair (u,w) € # such that

2((uw,w), (9,9)) = Dulp,¥), V(o) € A, (4.24)

where = is the sesquilinear form on ¥; given by

1 1

1 1
E((U, w)7 (% 1/J)) =P1 / U@dm + a1 / Uz%:dm + p2 / ’Uﬂ/JdI + a3/ wwwzdx
0 0 0 0

1 (4.25)
+ as / (wzspm + uzwz)dl‘
0

6



and ®, is the linear form on %] given by
1

1
D, (p,1) = pl/o (" + u")pdr + pz/o (2" + w*)dz. (4.26)

Using the norm || - ||y, it is easy to show that Z is continuous and coercive, and ®, is bounded.
Therefore, it follows from the Lax-Milgram Theorem that (4.22)-(4.23) has a unique weak solution
(u,w). Multiplying (4.22) by ag and (4.23) by —as yields u, € L*(0,1) and hence u € H?(0,1), and
using (4.22) or (4.23) we obtain w € H?(0,1). Using the test functions C2°(0, 1), we obtain that u
and w satisfy (4.22)-(4.23) almost everywhere in [0, 1], and defining

v=u—u" and z=w—w" (4.27)
we have v,z € H}(0,1). Therefore, W = (u,w,v,z) € D(A) and satisfies (4.17). The lemma follows
from the Lumer-Phillips Theorem, and this concludes the proof. O

Corollary 4.1. The operator A is m-accretive in 7.
Lemma 4.2. Under assumptions (A;) and (As), the operator B is locally Lipschitz continuous.

Proof. Given K > 0, for any W; = (u’,w’,v’, 2!) € 5, i = 1,2 such that

Wille <K, i=1,2, (4.28)
we have
1
2 _
|B(W1) — BWa)||5, =p1" / 191(01) — g1 (%) + fi(ul,wh) — f1(u?, w?)Pde
o (4.29)
s /O 102(Y) — 02(2) + falul w') — folu?, w?)[2de.
Note that
1
prt lg1(vh) — g1(v?) + fr(ut,wt) — fi(u? w?)|?da
o . (4.30)
< 2p7t g1 (") = g1(v?)*dz + 2P1_1/ |f1(ut, wh) = f1(u?, w?) Pde.
0 0
and
o / 1g2(=Y) = 92(=2) + folud, ') — fo(u?, w?)Pde
(4.31)
<2y / 02(2Y) — ga(22) Pz + 205" / ot wh) — o, w?)Pde,
It follows from (3.2) that
/ 191(0") — g1(v?)Pda < 207 2Mpy [0 — 02| < 207 2M Wy — Wa % (4.32)
Similarly,
2%y / 192(2Y) — g2(22)2d < 205 MWy — Wall%. (4.33)

On the other hand, since fi is of class C!, it follows from the mean value inequality, from (3.5), and
from Holder’s inequality that

/ |f1(ut, wt) — f1(u?, w?) Pda

2
C/ [Z (1 + W 2P 4 |wj|2(p_1))} |(u' — u? wt — w?)|Pda (4.34)

0 . .

j=1
2 2(p

i 1
<O (14 I 4 130 | (1 = 1+ et 0?1,

j=1



Using the embedding H}(0,1) < L?"(0,1) and the equivalence (4.8), we get

2
120—1 120—1
|3 (I o 30) | (1 = 2B, + ot = w13,
=1

2
< [Z (1 + M 20 + ||w;||2<p—1>)} (k= w22 + = w??)
j=1
2(p—1 2(p—1
< (14 W30 + Wl 32 0) W - W

(4.35)

C
<C(1+ K200 4 K20 Wy - Wall%
< C(K)|[Wh = Wal %,
where C(K) is a (generic) positive constant depending on K. From (4.34) and (4.35), we obtain
1
2pf1/ [fulu',wh) = fi(u?, w?)Pde < CE)|[Wi = W25, (4.36)
0
Similarly,
1
2P51/ |[folul,wh) = fo(u?, w?)Pda < C(K) W1 = Wa % (4.37)
0
From (4.29), (4.32)-(4.33), and (4.36)-(4.37), we obtain
[BV) = BWa)|[S, < (€ + C) W1 = Wal e, (4.38)

where C is a (generic) constant that does not depend on K, and this concludes the proof of the
lemma. ]

In order to establish the well-posedness of the initial value problem (4.11), we will use the theory
of m-accretive operators in Hilbert spaces (see [5, 34], [11, Chapter II}).

Definition 4.1 (Strong Solution). A strong solution of (4.11) on [0,7] is a continuous function
U :[0,T] — 5, which is absolutely continuous on every interval [a,b], 0 < a < b < T, hence U is
differentiable a.e. with %" € L1(0,T;5¢), U(t) € D(A) for all t € [0,T], and (4.11) is satisfied.

|

Definition 4.2 (Generalized Solution). A generalized solution of (4.11) on [0,7] is a function
U € C([0,T); 5) such that U(0) = Uy and there exists a sequence of strong solutions (U,,) defined on
[0, T] for the problem

duy,
dt

+ AU, + BU) = Fpn, n>1 (4.39)

with F,, — F in L'(0,T; ) and U,, — U in C([0,T], 52).
u

Definition 4.3. The energy &(t) of a solution U(t) = (u(t), w(t), u(t), we(t)) of (4.11) on [0,T] is
defined by

1 1
E(t) = 5HU(t)n?%aJr/o F(u,w)dz, Ytel0,T). (4.40)



Lemma 4.3. Under assumption (As), the energy £(t) of a solution U(t) = (u(t),w(t),u(t), we(t))
on [0, T satisfies the inequality

%HU( B35 <E®) < Bo(L+ UM@Y), Vi elo,T]. (4.41)
where [y is a constant independent of U(¢).
Proof. Since F(u,w) > 0, we immediately obtain
SITOIE, <) (442
Moreover, since p > 1, we have
IT®F < A+ IT@I5. (4.43)

Now, using (3.6) and the embedding H}(0,1) < LP*1(0,1)

1
+1 +1
/0 F(u,w)dz < Cp(1+ [[ullpiy + [wlpi) SCp(1+ [luglP* + flws |77

<SCr+ UM +IU@®]ET)

2 4.44
<Cr (1 N Il )”%1) (44)
<Crpmax< 1 2 1—|—HU()||p+1
= T p1)/2 ’
o
From (4.42)—(4.44) we obtain (4.41), completing the proof of the lemma. O

Lemma 4.4. Under assumptions (A;)—(Azs), let U(t) = (u(t), w(t), u(t), w:(t)) be a solution of (4.11)
on [0,77], then

s(t)gpoe%t/o (I (P + Ihs(s)?), ¥t € 0.7], (4.45)
where
B 1 (p1 +2)m
po = max{2(p1 T m ! 5 } (4.46)

Proof. Let U(t) be a strong solution of (4.11). Multiplying (1.6) by w;, (1.7) by wy, integrating by
parts each equation and summing the resulting equalities, we get

de 1 1 1 1
%(t) :—/ gl(ut)utda:—/ gg(wt)wtdx—i—/ hl(t)utd:v—l—/ ho(t)wdzx. (4.47)
0 0 0 0
Using (3.2), we have

1

/ g1 (up)updr < m||ut||2,
0 (4.48)
~ [ ety <~
0
Using Young’s inequality
1
1 +2)m
[ e < oo+ LD

! 1 (p2 +2)m
ho(H)widz < ————————||hol|? + ~=———
| attyonds < gl + P

.



From (4.47)—(4.49) we get

& m 9 2) 1 9 1 9
() < = pullwel® + p2llwe]? ) + =————||1])? + =————||h
O <5 (il 4 palnl?) + 5P+ 5] -
m
< SEB + po(Im O + lh2(®)]1%),

where pg is given by (4.46). Using Gronwall’s Lemma and assumption (As), we obtain (4.45). Since
F' is continuous, it follows from Definition 4.2 that the inequality also holds for generalized solutions,
thus concluding the proof. O

Theorem 4.1 (Global Existence and Uniqueness of Solution). Assume that assumptions (Aj)—
(A3) hold.

(a) If Uy € D(A) and h; € WL1(]0,00); L2(0,1)) for i = 1,2, then (4.11) admits a unique global

loc

strong solution U : [0, c0) — J;

(b) If Uy € D(A) = 5# and h; € L2 ([0,00); L?(0,1)) for i = 1,2, then (4.11) admits a unique global

loc

generalized solution U : [0, 00) — 7.

Proof. Since A is linear, we have A0 = 0, and since B is locally Lipschitz, (a) and (b) follow from
[10, Theorem 7.2], and in both cases the solution is local, that is, U : [0, Tinax) — €. It follows from
(4.45) that

kalX
i 101 < ot [T (o) + (o)) < oo (451)
TTmax 0

Therefore, it follows again from [10, Theorem 7.2] that Tax = 00, and the proof of the theorem is
complete. ]

4.1 Absence of External Force

When we consider h; = 0, for ¢ = 1,2, in (1.6)-(1.7) and (4.10)-(4.11), we can rewrite (1.6)-(1.9) as

{Ut(t) =—AU(t) - B(U(t), t>0, (4.52)

U(0) = .

In this case, the existence and uniqueness of solutions can be obtained via the theory of semigroups
of linear operators.

Definition 4.4 (Strong Solution of (4.52)). We say that U : [0,T) — 5, with 0 < T < o0, is a
strong solution of (4.52) if U is continuously differentiable, U(0) = Up, U(t) € D(A) for all t € [0,T),
and (4.52) is satisfied in [0, 7).

u

Definition 4.5 (Mild Solution of (4.52)). We say that a continuous function U : [0,T) — 5, with
0 < T < o0, is a mild solution of (4.52) if U(t) satisfies the following integral equation:

t
Ut)=-T@)Uo —/ B(U(s))ds, ¥tel0,T), (4.53)
0
where {T'(t) }+>0 is the Cp-semigroup of contractions generated by A.
u
Remark 4.1. The energy of a (strong or mild) solution of (4.52) is also given by (4.40).
u

Lemma 4.5. Under assumptions (A1)—(Az), the energy &(t) of a solution U(t) = (u(t), w(t), us(t), we(t))
of (4.52) is non-increasing and satisfies (4.41).
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Proof. We shall show only that £(t) is non-increasing. Assume U (t) is a strong solution. Then, using
a similar procedure to the one used to obtain (4.47) and (4.48), we get

d&
2 < —mn([lugl|* + [Jwe[?)- (4.54)
Thus, for any 0 <t; <ty < T,
to
E(t2) — () < —m- / (lue() 1 + llwe(s)[*)ds < 0. (4.55)
51
The remainder of the proof is similar to the proof of Lemma 4.3. The lemma is proved. O

Theorem 4.2 (Global Existence and Uniqueness of Solution of (4.52)). Assume that assump-
tions (A1) — (A2) hold.
(a) If Uy € D(A) then (4.52) has a unique (global) mild solution U : [0, 00) — 57;

(b) If Uy € D(A) = S then the (global) mild solution obtained in item (a) is a strong solution.

(c) For any two solutions Uj(t) and Us(t) of (4.52) there exists a constant «g depending on U;(0)
and U3(0) such that

[UL(t) = Ua(t)l|e < e[| U1(0) — U2(0) [l e, ¥ > 0. (4.56)

Proof. (a)-(b)

Since A is the infinitesimal generator of a Cp-semigroup and B is locally Lipschitz, the existence
and uniqueness of a local solution U : [0, Timax) — # follow from [9, Propositions 4.3.3 and 4.3.9].
Moreover, from Lemma 4.5 we have

2, <E(0) < . (4.57)

lim ||U(t
i U@

Thus, it follows from [9, Theorem 4.3.4] that Tinax = 0.
(c) Let &(t) and &(t) be the energies of Uy (t) and Us(t), respectively. It follows from Lemma 4.5
that

U102 + U2(t) ]| 52 < €1(0) + E2(0) =: R. (4.58)

Since B is locally Lipschitz and {T'(¢) }+>0 is a Co-semigroup of contractions, it follows from (4.53) that

1UL(8) = Ua ()]l < 1U1(0) — U2(0) [ + ao/o 1UL(s) = Ua(s) || ds, (4.59)

where g is a positive constant depending on R, and hence on U (0) and U2(0). Applying Gronwall’s
Lemma to the inequality above yields (4.56), completing the proof of the theorem. O

Remark 4.2. It follows from Theorem 4.2 the existence of a dynamical system (J#,S5(t)) where
{S(t)}+=0 is a Cp-semigroup of nonlinear operators on . In this case, S(t) : S — J is given by

SO0 = U(t) = (u(t), w(t), us(t), wi(t)), (4.60)

where U(t) is a (mild) solution of (4.52).

5 Exponential Decay of the Energy

In this section, we will establish the exponential decay of the energy £(t) for the solutions of (1.6)-(1.9)
in both the non-autonomous case (h; #Z 0) and the autonomous case (h; = 0).

11



5.0.1 Non-Autonomous System

Lemma 5.1. Under the hypotheses of Theorem 4.1, the energy £(t) of a strong solution U(t) =
(u(t), w(t), us(t),w(t)) of (4.11) satisfies the following inequality:

&

dt
Proof. Let U(t) be a strong solution of (4.11). Multiplying (1.6) by w, (1.7) by wy, integrating by
parts each of the resulting equations and summing them, we obtain

(6) < =2 (el + ) + 5= (1 O + [aO) (5.1

dE 1 1 1 1
%(t) :—/0 gl(ut)utdx—/o gg(wt)wtdx—i—/o hl(t)utdm—l-/o ha(t)widzx. (5.2)

Using (3.1) and Young’s inequality, we arrive at (5.1), and the proof of the lemma is complete. O

Lemma 5.2. Under the hypotheses of Theorem 4.1, let U(t) = (u(t), w(t), us(t), w:(t)) be a strong
solution of (4.11) and let Z(t) be the functional given by

1 1
Z(t):= pl/ ugudx —|—p2/ wywdz. (5.3)
0 0
Then, Z(t) satisfies

dl

1
oo 1
(O <Br (el + flwel®) = = (luall” + well) - /0 F(u, w)dz + %<Hh1||2 +lhal?),  (54)

where
2

M
B :=max{p1, p2} + o (5:5)

Proof. Multiplying (1.6) by wu, (1.7) by w, integrating by parts each of the equations and summing

the results, we have
2 2
a9 a D)
—w + a3 —— ||w
2]+ (a0 = el .

1 1 1 1 1
—/ VF(u,w) - (u,w)dz —/ g1 (up)udx —/ g2(w)wdzx —|—/ hluda:—i—/ howdzx.
0 0 0 0 0

dt Vaiug +

d
4 oyuu + prwnw] = pillull + palleel” — H

Using the equivalence (4.8) and (3.4)

d
¢ [+ pownw] < pulludl* + paflwn* = oo (lluall* + [z ]1?)

1 1 1 1 1
—/ F(u,w)dz —/ g1(ug)udx —/ g2 (wy)wdz +/ hiudx +/ howdz.
0 0 0 0 0

Using (3.2), Young’s and Poincaré’s inequalities, we obtain
1 2
M o
- [ artunude <l + P,
0 g0 4
1 2
M o
7/ g (weywda <— |we|® + = [[wz |,
0 g0 4
1
1 o
| e <l 4 %
0 ao 4
1
1
/ howds <—|[ho|® + 2 flwe |2
0 ao 4
From (5.6)—(5.8) we obtain (5.4) with 8; given by (5.5), and the proof of the lemma is complete. O
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Theorem 5.1. Under the assumptions of Theorem 4.1 and (A4), the energy £(¢) of any solution
U(t) = (u(t),w(t),us(t), ws(t)) of (4.11) decays exponentially. More precisely, there exist positive
constants w, wy and ws such that for every solution U (t), its energy satisfies

E(t) < e (wi€(0) +w2Ch), Y i=0. (5.9)

Proof. Let U(t) = (u(t), w(t), us(t), we(t)) be a strong solution of (4.11) and let L(¢) be the functional
given by

L(t) = I(t) + NE(t), (5.10)

where N is a positive constant to be fixed later. Note that, from the definitions of Z and &, there
exists a positive constant ¢y, independent of U(t), such that

IL(t) — NED)| < co(t) <= (N —c)E(t) < L) < (N + co)E(t). (5.11)

Moreover, from (5.10), (5.1) and (5.4), we have

arc Nm !
E <= (552 = 50 (hul? + ) = oo sl + e l) = [ Pl whaa
0
o (5.12)
- - 2 2
+ (2m + UO) (1 ]1? + [172]1%).
Taking
N > max{%,co} (5.13)
m

and using (4.8), we obtain positive constants oy, a9, ¢1, a4, independent of the solution U(t), such
that

a1€(t) < L) < ax€(t) and %(t) < —c1€(t) + a(|[ha]) + [|hall?). (5.14)

From the two previous inequalities, we obtain

ac

E(t) < —a3L(t) + as(||h]® + [|h2]|*) where a3 :=min {Cl,a} (5.15)

a2
and o is given in (3.7). From (5.14) and (5.15), we conclude

%S(O)Jrz—‘l‘/o ea15(||h1(s)|2+||h2(s)Q)ds) < e—O‘Bt(aQE(O)JrZ‘l‘Ch). (5.16)

aq

Et) < e_o‘3t<

aq

Using a density argument, the previous inequality also holds for every generalized solution in a compact
interval [0, T, and this concludes the proof of the theorem.
O

5.0.2 Autonomous System

Theorem 5.2. Under the hypotheses of Theorem 4.2, the energy £(t) of every solution U(t) =
(u(t), w(t),us(t),w(t)) of (4.52) decays exponentially. More precisely, there exist positive constants
x and k1 such that for every solution U (t), its energy £(t) satisfies

E(t) < ke ME(0), Vt=0. (5.17)
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Proof. Let U(t) be a strong solution of (4.52). Following the steps in the proof of Lemma 5.1, we
obtain

&

= ) < —mn([[ue]| + fJwel[*).- (5.18)
Following the steps in Lemma 5.2, we obtain
dT 00 !
= ) < Ba([luel® + [[we]|?) = 5(||uas||2 + [lwe|?) = /O F(u,w)dz, (5.19)
where Z is given in (5.3) and
M2
B2 := max{p1, p2} + Y (5.20)
g0
Define £1(t) as
L1(t) =Z(t) + N1 E(t), (5.21)
where Nj is a positive constant to be determined. There exists a positive constant ¢; such that
|L1(t) = NiE(t)] < a1 &(2). (5.22)
Then, taking
N > max {cl, fj}, (5.23)
we obtain positive constants x and i satisfying (5.17), and the proof is complete. ]

6 Determining Functionals for the Autonomous System
We now consider the dynamical system (¢, S(¢)) arising from Theorem 4.2.

Let U;(t) = S(t)W; = (ui(t),w'(t),ul(t), wi(t)), for i = 1,2, be two strong solutions of (4.52).
Consider

U=U—-Uy with U(t) = (u(t), w(t),us(t), w(t)), (6.1)
where
u=u'—u? and w=w'—w? (6.2)
Then, U(t) satisfies
PLUtt — A Ugy — AoWzy = G1(ug) + Fi(u,w), (6.3)
P2Wit — A2Ugy — A3Wey =  Gao(wy) + Fo(u, w), (6.4
where
Gi(u) = ~lg1(up) — g1(uf)],  Ga(we) = ~[g2(wi) — g2(wi)], (6.5)
and
Fi(u,w) = —[fi(u*,w') — f;(u®, w?)], for i=1,2. (6.6)
Moreover,
u(0,t) = u(1,t) = w(0,t) =w(l,t) =0, ¢>0. (6.7)

The energy E(t) of U(t) is defined as

B(#) = ST - (63)
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Lemma 6.1. Under the hypotheses of Theorem 4.2, the energy F(t) of U(t) satisfies the following
inequality:

dE

20 < = 2 (@I + Jwn(@)?) + Ko(ull, + ), (6.9)

where K is a positive constant depending on Ui (0) and Us(0).

Proof. Multiplying (1.6) by w, (1.7) by wy, integrating by parts on [0, 1], and summing the results,
we obtain

dE

1 1 1 1
E(t) :/ Gl(ut)utdx—l—/ Gg(wt)wtdx—l—/ Fl(u,w)utdx—l—/ Fy(u, w)wde. (6.10)
0 0 0 0

From (3.2) we have

dE

1 1
E(t) < —m(fluel* + [lwel?) +/ F1(u, w)urdx +/ Fa(u, w)wdz. (6.11)
0 0

By Young’s inequality, using reasoning similar to that used to obtain (4.34), and noting that U;(¢) is
bounded (see Lemma 4.5), we obtain

1
1
/ Fi(u,wywdes < — | |Fi(u,w)2de + 2 |lug]?
0 2m Jo 2 (6.12)

m
< Ko([[ull3, + [lwll3,) + = [luell?,

where K| is a positive constant (generically represented) that depends on U;(0) and Uz (0). Similarly,
we also have

1
m
| Patwynds < Kol + i) + 5 ol (613)

From (6.10)—(6.13), we obtain (6.9), completing the proof. O

Lemma 6.2. Under the hypotheses of Theorem 4.2, let U;(t) = S(t)W; = (u'(t), w'(t), ul(t), wi(t)),
i = 1,2, be two mild solutions of (4.52). Then the following inequality holds:

IS@W1 = SOWaI5e <Ore™" W1 = Wall% + Ko Sl[lp][u'v(u(S)aw(S))]Q, t>0, (6.14)
s€l0,t
where
u=u'—u? w=w—w? (6.15)

and fiy(+) is the seminorm in ¥} given by

p (u,w) = ([[ull3, + lwl|3g) /2, ¥(u,w) € #, (6.16)
01, 02 are positive constants and Ky > 0 is a constant depending on W;, i = 1,2.
Proof. Let S(t)U; for i = 1,2 be strong solutions. Multiplying (1.6) by u, (1.7) by w, integrating by

parts over [0, 1], summing the results, and using the equivalence (4.8), we obtain

d
o1+ pownw] < pulludl* + paflwrl* = oo ([luall” + [lwz]]?)
1 (6.17)

1 1 1
+/ G1(us)udx +/ Ga(w)wdx +/ Fi(u,w)udx + [ Fa(u,w)udz.
0 0 0 0
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Using (3.2) and Young’s and Poincaré’s inequalities,

1 2
M (o)
/ G (uyudz < 22 ug |2 + 22 ug .
0 O'O 4

1 M2 o (6.18)

0

| Gatenrpds < ol + Pl
0 (o) 4
Now, applying Young’s and Poincaré’s inequalities, and using (3.5), we obtain
! Lot 2 90 2
/ F (u, w)udx < —/ | F1 (u, w)|“dz + — || uz]]
0 o0 Jo 4

(6.19)

2
in2(g—1 in2(g—1 ao
<O(( X (1411 + B3 )l + ol + P

i=1

where C' is a generic positive constant. Since the solutions U;(t), i = 1,2, are bounded, we have

1
g0
| At wude < Koul, + o) + el (620

where K| is a generic positive constant depending on W;, for ¢ = 1,2. Similarly, we have

2
o0
| ot wpwds < Ko (el + ly) + s (6.21)

From (6.17)—(6.18) and (6.20)—(6.21), we obtain

d 1 1 o
dt[m /0 wrudz + po /0 wtwd:c} <ol + ) = T2, )2 + Ko (B, + wl,), - (622

where

M2
Yo 1= max{p1, p2} + P (6.23)

Using (4.8)

d

1 1
a0

dt[m / wpudz + py / wtwda:] <o (Juel[2 + llwe[2) = 5=, w) 3 + Ko lull3, + e, ) - (6:24)
0 0 g1

Consider the functional J (t) given by

1 1
J(t)=p1 / upu dx + pg/ wpwdx + NE(t), (6.25)
0 0

where N is a positive constant to be fixed later. Using Young’s inequality and the equivalence (4.29),
it is possible to obtain a positive constant ¢, independent of Uj(¢) and Us(t), such that

|T(t) — NE(t)| < GE(1). (6.26)
Moreover, from (6.9) and (6.24), we have

dJ Nm )
=) < —(2 - 190) (el ) = N )l + NEo ([l + ;). (627)

Thus, choosing N large enough such that

2
N > max {N — ¢p, :;O}, (6.28)
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we obtain positive constants 79, 71, and 72 such that
mE() < J(t) <mE{) (6.29)

and

aJ

— (O < —mEB(t) + Ko ([ull3, + [lwll3,)- (6.30)

From the two previous inequalities, it follows that

_m _ma, [t omg
B(t) < LE©)e ! + Koe 1 / e (Jlu(s)|2, + [w(s)[2,)ds
0

o , (6.31)
m it 2 2
< —E(0)e "+ Ko sup ([lu(s)[|3, + lw(s)ll3,)-
o s€[0,t]
Note that
gy (u, w) = (|[ul]3q + [|w]|3,)"? (6.32)

is a seminorm in ¥#;. Thus, we obtain (6.14), and by a density argument, the inequality (6.14) also
holds for mild solutions, completing the proof of the lemma. O

Definition 6.1 (Determining Set of Functionals). Let £ = {l; : j € J} be a set of continuous
linear functionals on ¥, where J is an index set. We say that . is a determining set of functionals
for the trajectories of (', S(¢)) if the following condition is satisfied:

For any two trajectories

SHW; = (u'(t),w' (t),uy (), wy(t)), i=1,2, (6.33)
the condition
. 2 )
tliglo |15 (u' (), 0" (1)) — I; (u2(t),w2(t))| =0, Vjel, (6.34)
implies that
lim [|S(OW1 = S(H)Wa% = 0. (6.35)

Definition 6.2. The completeness defect of a set £ = {l; : j € J} of linear functionals on #; with
respect to a seminorm p on ¥ is the value

e (i, 1) == sup {u(w) : w € 74, Lj(w) =0, ¥j € J, [wll5 <1}. (6.36)
|

Lemma 6.3. Let e = e»(71, 1) be the completeness defect of a finite set £ ={l;:j=1,...,N}
of linear functionals on ¥] with respect to a seminorm g on #;. Then, there exists a positive constant
C¢ such that

p(w) <egl|lw|lyy + Coy -max{|l;(w)|:j=1,...,N}, VYwe7. (6.37)

Proof. Without loss of generality, we may assume that the functionals {/;} are linearly independent.
This allows us to construct a biorthogonal system {e; : j=1,...,N} C % for £ (ie., l;(e;) =0
if j # i and I (e;) = 1). In this case, for any w € 77, the element v =w — Zf\il l;(w)e; satisfies
lj(v)=0for j=1,...,N. By the definition in (6.36), we have

1(v) < ezllvix. (6.38)
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It follows from the definition of v and the inequality above that

p(w) < p(w = v) + p(v)

< u(iuw)ei) Tezlvig
(Zuez ) g ) + e [w iuw)ez

pa " (6.39)
(Zlu ) )V - ma (L)) + el mﬂ(Z el ) s, (1))
(3 1=
N
= ol + | 32 (nte) + el ) | N - (1w
Setting
N
Oz i= | 3 (ulen + exllev) |3 > 0 (6.40)
=1
we obtain the result. O

Theorem 6.1 (Determining Functionals). Under the hypotheses of Theorem (4.2), there exists a
number ¢y > 0 such that, if Z = {l;:j=1,...,N} is a set of linear and continuous functionals on
¥ with e, <€, where e ,,, is the completeness defect of £ with respect to the norm gy given
n (6.16), then . is a determining set of functionals for (42, S(t)).

Proof. Let S(t)W; = (u'(t),w'(t),ul(t), wi(t)), for i = 1,2, be two trajectories. We want to show that
if € ¢ 1, is sufficiently small, then

Jim (1! (8),w' (1) = L), w@)]F =0, j=1,...,N, (6.41)
—00
implies that

Jim [|S(5)W1 — S()Ws|%, =0. (6.42)

Fixing 7 > 0, consider
2
F(t):= sup max |[j(ul(t),w' () — 1;i(u2(t), w(t)| . (6.43)
SEt,t47] ASA

Condition (6.41) is equivalent to
lim . (t) = 0. (6.44)

t—o0

Using (6.14), we have

[S(t+ 7)W1 — S(t+7)Wal[>, <Ore™%7||S(t)W1 — S(t)Wal|,

+ Ko sup [uy(u (),111(5))]27 t>0,
SE[t,t47]

(6.45)

where v = u! — 42, w = w! — w? and Ky is a positive constant depending on W;, i =1, 2.

Using Lemma 6.3 and Young’s inequality, we have that for every § > 0 there exists a constant
Cg s > 0 such that

[ty (u(s), w(s))]* < (1+8)ey ,, lI(uls), w(s))[F; + Cee - omax {11 (u(s), w(s))*}

(6.46)
<1 +0)ed,, | S(s)Wi — S(s)Wa|?, + Q% - e {1 (). w(s) ).
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Taking the supremum over s € [t, ¢ + 7] on both sides of the inequality above, we get

sup [y (u(s), w(s)]? < (1 +0)elp,, sup [[S(s)W1 = S(s)Wa?,
SEt,t47] SEt,t47] (6 47)
+Cgs- sup max {|l;(u(s),w(s 2. '
o g (15 (u(5) w5
From (4.56), we have
sup [|S()Wi — S(s)Wa>, < 07 ||S()W1 — S(OW2| %, (6.48)
SE[t,t+T]
where « is a positive constant depending on W;, i = 1,2. From (6.47)-(6.48), we obtain
up iy (u(s), wE))* <A+ 8, T|SOWL = SOWall + a7 () (6.49)
se(t,t+T1
Combining (6.45) and (6.49), we get
|S(to +T)W1 — S(to + T)W2||2%p < k1 ||S(to) Wi — S(to) W2||% + CeS(to), (6.50)
where
k1= 01e" T + Ko(1 4 8)e%y,, 27 > 0. (6.51)

Choosing ¢ and € ¢ ,,, sufficiently small, we get x1 < 1. Thus, by induction, for every natural number
n we have

n—1
2+ Cy Y RITMTLS (t + mr). (6.52)

m=0

HS(to + TlT)Wl — S(to + 717' WQ HS(tO)Wl — S(to)W2|

5 <

Since limit (6.41) holds, so does (6.44), and the previous inequality implies

lim [|S(to + nm)W1 — S(to + nt)Wa|?, = 0 (6.53)
and the proof of the theorem is complete. O

7 Numerical approach

In this section, we developed an algorithm to obtain the numerical solution of a Nonlinear Non-
Autonomous Binary Mixture Model. Here, we consider the following hypotheses: g;(s) = vis, where
v > 0 and h; = 0, with ¢ = 1,2. We will perform a series of numerical simulations to verify the
properties of the theoretical results. In our numerical schemes, we consider an approximation by the
finite element method in the spatial variable and the finite difference method in the temporal variable.
For more details, see [21].

7.1 Variational formulation

Denoted by (-, -) the inner product in L2(0,1) that is,

1
(ﬂg)=/0 fgdz, Yf g€ L*0,1).

Thus, we can write our system (1.6)—(1.7) as follows:

Variational Problem: Find the functions u(z,t) and w(z,t) that satisfy the boundary and initial
conditions (1.8)-(1.9), respectively, and

p1(ug, v1) + a1(ug, v1,2) + a2(we, v1,2) + Y1 (e, v1) + (fi(u,w),v1) =0, (7.1)
p2 (Wi, v2) + a2(Usz, V20) + a3(We, V2,2) + Y2 (we, v2) + (f2(u, w),v2) =0, V> 0. (7.2)
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with vy,v9 € H&(O, 1). For our purposes, it is necessary to introduce the following vector space:

V := H(0,1) x H}(0,1). So, using a representation of the functions u,w in vector form, u = [u,w]",

we introduce the following variational vector formulation.
Problem P: Find u: t — V such that

(uge(t), v) + & (u(t),v) + F(u(t),v) + €(u(t),v) =0, Vve, (7.3)

with u(t) satisfying the initial conditions

(u(0),v) = (up,v), (u(0),v)=(us,v), VYveV. (7.4)
The functionals &/, %, and .% : V x V — R are given by

= a1(Ug, V1,5) + a2(Wy, V1,2) + a2(Usz, V2,2) + a3(Wa, V2.2,
Z(u(t),v) = (filu,w),v1) + (fa(u,w), va),
C(wg(t), v) = v1(ug, v1) + 2 (wye, v2),

and
(uge(t), v) = p1(ug, v1) + p2(wi, va),

where v; and vy are the components of the vector v.

7.2 Algorithms

To obtain the full discretization of the problem (7.3). Firstly, we consider a partition X} over the
interval Q = (0, 1), that is,

Xh={0=$0<$1<"'<x]v=1}, Qe+1=(l’e,l‘e+1),
where Q, NQy = & for e # €/, and
Ne
Q= U Q.,
e=1

where IV, is the number of elements in the partition. We consider the following finite-dimensional
subspaces:

Sh = {v € C(0,1); v|,, € Pl(Qe)},
where P is the set of linear polynomials defined on €2, and
V" = St N [HE0,1) x H3(0,1)].

We use a representation of the functions u”,w" in vector form [u”,w"]T

typical element u* € V* by

. Thus, we can represent a

2N,
u(t,x) = Y di(t)Pi(x),
i=1

where 2N, is the total number of degrees of freedom of the finite element approximation, and ®;(z),
i=1,...,2Ng, are the global vector interpolation functions. Therefore, the semi-discrete finite element
approximation of the variational problem (7.1) is characterized by the following:

Problem P”: Find u” : t — V" such that

(i (0), v") + o (0" (1), v") + F (u (), v") + C(u (1), v") =0, W eV, (75)
with u”(t) satisfying the initial conditions

(u(0),vh) = (uf,v"), (u}(0),v") = (ul,v"), W' eVt (7.6)
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7.2.1 The fully discrete method

From Problem P, we obtain the following nonlinear dynamical system in R2Ne:
Problem P/: Find d : [0,7] — R?"e such that

Md(t) + Cd(t) + Kd(t) = F(d(t)), (7.7)
with d(t) satisfying the initial conditions

where M is the consistent mass matrix, C is the damping matrix, K is the consistent elastic stiffness
matrix, F(d(t)) is the vector of consistent generalized nodal forces at time ¢, and d(¢) is the vector of
generalized nodal displacements at time ¢.

To solve this system, we make a partition P over the interval [0,T] of length A¢, such that
0=ty <t <--- <ty =T, with t,11 — t, = At, and we use the well-known Newmark method [30].
In our work, the Newmark scheme becomes

Md, 11 +Cdpy1 +Kdpyy = F(duyr), (7.9)
. At2 .. ..

d,1 = d,+Atd, + - [(1-28)dy + 2Bdp41], (7.10)

dpyis d, + At[(1 = y)dp +vdnt1], (7.11)

where § and v are two parameters that govern the stability and accuracy of the method.

To compute the numerical solution of the nonlinear discrete system (7.9)—(7.11), we use the fol-
lowing iterative procedure at each time step. In the Newmark method, we choose the displacement
d,, as the unknown at time t,. Then, we have

%H% +K|d,, = M{ﬁdmtﬁdmt (1 - %)&n}
e [ﬁdn n (% - 1)dn + At(% - l)iin} +F(d ),
. dpi1—d, d, 1 - (712
it = TURE T BAE (% - 1)d”’
dop1 = ﬁ(dn-‘rl —d,) - (% - 1)dn - At(% - 1)an,
with £ =1,2,3, ...

Since the matrices are symmetric and positive definite, the system above can be solved for any
¢. Consequently, at each time step, we compute the solution u"*! by solving a linear system. The
iterative process given by (7.12) was stopped when the difference between successive iterates was less
than or equal to 1.0 x 1072, and the total number of iterations ¢ was less than or equal to 20.

Remark 7.1. Since we are using interpolation polynomials of degree less than or equal to 1, the
vector components F(d,+1) are obtained by Gaussian Quadrature using three points.

7.3 Numerical simulation

In the sequel, we perform some numerical experiments based on the previous results. Firstly, we
consider
fi(u,w) =u® +uvw? and  folu,w) = w® 4+ vw.

Under these hypotheses, we have

dE 1 L
= [ fuPde = [l d,
t 0 0

1
E(t) = 5/ [Plut|2 + polw|® + ‘\/aluz +
0

a2
—F—Wg

Ja

2 a3 1 1
(a5 = 22 ) w2+ Sful* + Sl + Juw?| da.
as 2 2
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Remark 7.2. To obtain the computational results, we used a code implemented in the C program-
ming language. The graphics were generated using GNUplot. In all experiments, we considered the
parameters of Newmark’s algorithm g = % and v = %

7.3.1 Experiment 1. (Conservative case: 71 = 0 and 7, = 0)

In this experiment, we consider a mixture problem with the following parameters: p; = po = 1.0,
a1 = 1.0, as = 0.5, and ag = 2.0. The initial conditions are:

u(z,0) = —x 4 22° — 2, w(x,0) =0, w(z,0) =2z — 622 + 423, w(z,0)=0.

Furthermore, we used a finite element mesh with 800 elements and a time step At = 107% s.

u(x,t)

1.055 1.055

1.05 1.05

1.045 1.045

1.04

E(t,uh, wh)
2
E(t,uh, wh)

1.035 1.0385

1.03 1.03

1.025 1.025
0 0

t t

Figure 1: Evolution of the numerical solutions u”(x, t) and w”(x, t) at time 5 s, respectively. Numerical
energy at 5 s and 10 s, respectively.

7.3.2 Experiment 2. (Dissipative case with v1 = 0.5 and v, = 0.6)

In this experiment, we consider a mixture problem with the following parameters: p; = py = 1.0,
a1 = 1.0, as = 0.5, and a3 = 2.0. The initial conditions are:

u(z,0) = —z 4+ 22% — 2%, w(x,0) =0, w(z,0) =2z — 62> +42°, wy(z,0)=0.

Furthermore, we used a finite element mesh with 800 elements and a time step At = 107% s.
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Figure 2: Evolution of the numerical solutions u”(z,t) and w”(z,t), respectively. Numerical energy

behavior and its semilogarithmic scale at time 10 s, respectively. In this case, we obtained an expo-
nential decay rate equal to —0.567079.

7.3.3 Experiment 3. (Dissipative case with v, = 1.0 and v, = 1.0)

Here, we consider a mixture problem with the followig parameters: p; = ps = 1.0, a; = 1.0, ag = 0.5
e ag = 2.0. The initial conditions:

u(z,0) = sin 27w, u(z, 0) = sinwa, ¥ (z,0) = sin e we(x,0) = sin 3rz.

Futhermore, a finite element mesh with 800 elements and At = 10~ %s.
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Figure 3: Evolution of the numerical solutions u”(z,t) and w”(z,t), respectively. Numerical energy
behavior and its semilogarithmic scale at time 10 s, respectively. In this case, we obtained an expo-
nential decay rate equal to —1.00091.

Remark 7.3. To obtain the exponential decay rate in the logarithmic versus time plots of Experiments
2 and 3, we used the fit command in the GNUplot environment.
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